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The recently proposed renormalization group (RG) theory is reformulated within the
context of density functional theory and applied to predicting global vapor–liquid equi-
libria (VLE) of Lennard–Jones chain pure fluids and fluid mixtures. An accurate equation
based on the solution of the first-order mean-sphere approximation (FMSA) is adopted
outside the critical region. Inside the critical region, the direct correlation function of
FMSA is incorporated into the new RG transformation to describe the long-range
fluctuation, which is conformal to general inhomogeneous studies. The new RG theory is
applied to correcting real mixture phase envelopes, as well as corresponding phase
diagrams of pure compounds for the critical region. The calculated results are in
substantial agreement with those from experiment and molecular simulation both inside
and outside the critical region. The new method is highly predictive because no adjustable
parameters and no mixing rule are needed for both model and real fluid mixtures. © 2005
American Institute of Chemical Engineers AIChE J, 52: 342–353, 2006
Keywords: prediction, VLE, mixture, renormalization group theory, density functional
theory

Introduction

An accurate prediction of thermodynamic properties of fluid
mixtures both inside and outside the critical region represents
one of the important goals in chemical and related industries.
The subject has been investigated intensively for decades.
Although considerable progress was made in description or
correction of vapor–liquid equilibria (VLE), it has been diffi-
cult to develop a universal model to predict behavior for
mixture phase based solely on knowledge of the molecular
structure and intermolecular forces from the pure component.

Molecular simulation provides a promising route. In recent
years, many computer simulations of phase equilibria of mix-

tures have appeared in the literature. These simulations are
mostly focused on the VLE of the Lennard–Jones (LJ) fluid.
The VLE had been simulated with the Monte Carlo method,1

molecular dynamic method,2 and at some extreme potential
parameter ratios.3 Simulations have proved useful for testing
theories as well as for developing general intuition regarding
the influence of molecular size and intermolecular interaction
on phase behavior.4,5

An alternative approach is equation of state (EOS), which
aimed to provide a general description of phase behavior for
broad classes of substances. A multitude of EOSs have been
developed based on classical homogeneous fluid theories.
Many engineering cubic EOSs are based on the van der Waals
equation, such as Redlich–Kwong (RK),6 Soave–Redlich–
Kwong (SRK),7 and Peng–Robinson (PR).8 However, the EOS
has some limitations: inaccurate liquid densities and thermo-
dynamic properties and phase behavior at high pressures, in-
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cluding the critical region, that are difficult to describe. A
review about these equations was given by Wei and Sadus.9 A
semiempirical approach for EOSs is to use the fully fitting
equations. They are derived with an optimization process that
fits the most useful terms from experimental data10 or molec-
ular simulation data.11,12 The fitting equations are useful in
practical applications. The crucial disadvantage of such fitting
equations is their restriction to pure fluids and poor predictive
ability. At present, EOSs developed from statistical mechanics
find their applications in chemical engineering for characteriz-
ing the thermodynamic behavior of mixtures including VLE.
The statistical associating fluid theory (SAFT)13,14 has been
investigated extensively since it was first proposed. SAFT
EOSs are advantageous over cubic and semiempirical EOSs by
covering many more types of fluids and by providing more
consistent thermodynamics. The EOSs developed by Chapman
et al.15 and by Huang and Radosz16,17 are two earlier examples.

Since then, many modifications of the SAFT EOS were
suggested over the years, such as LJ–SAFT18-21 and perturbed-
chain (PC)–SAFT.22,23 Although these practical calculations
yield encouraging results, their further improvement is narrow:
underlying fittings are subject to the availability of simulation
data and their good quality is often limited to a certain region.
In addition, a common dissatisfaction in these models is their
accompanying mixing rules. These mixing rules, mostly one-
fluid type, might severely degrade the performance of SAFT. A
more promising SAFT EOS was presented by Tang and Lu,24

using the first-order mean spherical approximation (FMSA).
FMSA has its foundation in an analytical solution of the
Ornstein–Zernike (OZ) equation,25,26 leading to the availability
of both the EOS and structure information such as radial
distribution function (RDF) for the pure LJ fluid27-29 and their
mixtures.30-32 The new EOS is explicit, analytical, and fully
predictive outside the critical region. Uniquely, artificially im-
posed mixing rules are no longer required in the FMSA–SAFT.

In the critical region, however, the FMSA–SAFT fails to
predict pressure–volume–temperature (P–V–T) properties of
fluids just like almost all other mean-field theories. When
approaching the critical region, density distribution is increas-
ingly inhomogeneous33,34 or density fluctuation wavelength is
increasingly long ranged to the critical point.35-37 RDF in the
EOS is a key function to account for density fluctuation.
Nevertheless, because of the approximations in those theories,
the fluctuation distance in the RDF is only several times the
molecular diameter, which does not exhibit any macroscopical
characteristic. The failure of the mean-field theories occurs
because the density fluctuation is not treated macroscopically.
A homogeneous theory is valid only after the inhomogeneity is
taken fully into account.

In recent years, many efforts have been made to describe the
global VLE of fluid mixture. The crossover theory developed
by Sengers and coworkers38-40 and by Kiselev and cowork-
ers41-46 incorporates the scaling laws close to the critical point
into universal thermodynamic model and yields a correct crit-
ical exponent. However, several parameters are required to fit
experimental data for each system. Very recently, Gospodinov
and Escobedo47 used the histogram reweighting method to
cross over from the classical to the scaled equation. It was
shown that the histograms provided a good approximation to
simulations results. Another method is the hierarchical refer-
ence theory48 in which the density fluctuations are considered

in the solution of optimized random-phase approximation of
the OZ equation. Although it has been extended to fluid mix-
tures49-51 and seems to be a promising theory, the mathematical
complexity limits its practical applications.

The RG theory, originally proposed by Wilson52,53 for Ising
spins and lattice gas, was developed by White and cowork-
ers54-59 and later improved by Lue and Prausnitz60,61 and Tang
and coworkers.62,63 The theory accounts properly for the influ-
ence of the critical fluctuations in density and provides a valid
prescription to describe fluid behavior both inside and outside
the critical region. Further application of Lue and Prausnitz’s
method was the combination of the RG theory with equation of
state for chain fluids (EOSCF) by Jiang and Prausnitz.64-66

They developed a crossover EOS for pure chain fluids and
mixtures. Cai and Prausnitz,67 on the other hand, extended the
RG transform to those systems with a continuous distribution
of molecular weight through a cubic EOS. Very recently,
Llovell et al.68 applied the RG transform to correcting the
LJ–SAFT model around the critical region for a single com-
ponent. Although these RG developments have shown good
agreement with experiment data, their underlying deficiencies
are nonnegligible. For instance, far from the critical region, the
two later EOSs were constructed through some empirical fit-
tings and there is no structure information. When extended to
mixtures, the mixing rule is needed and the cross-parameter kij

has to be fitted from experimental data. Near the critical region,
almost all these methods used the original van der Waals
(VDW) assumption to subtract the contribution from long-
wavelength density fluctuation, neglecting any structure infor-
mation. The treatment does not match with the accompanying
EOS, whose performance is far better than the VDW equation
outside the critical region.

Based on the earlier idea of extensive and nonextensive free
energy,62 we recently decomposed the density fluctuation into
the mean-field term, the amplitude term, and the frequency
term for extending White’s RG theory to chain molecules.69

Even though the frequency or nonextensive term remains to be
the VDW type, the underlying mathematical process paves the
way to develop the RG transform beyond the primitive assump-
tion. As mentioned before,62 inhomogeneity is the fundamental
behind unusual critical behavior and it will make much more
sense if its treatment can be carried out within the framework
of today’s rapidly developing density functional theory (DFT).
Very recently, FMSA70,71 has been used very successfully to
study a number of inhomogeneous behaviors such as fluids
around walls and around colloidal particles. These studies
show that direct correlation function (DCF) plays the dominat-
ing role and a crude approximation to the function such as that
in the VDW theory could be very disappointing. Uniquely,
FMSA can provide an analytical and reliable DCF for almost
all intermolecular potentials,72 which is the key advantage over
all other methods. Therefore, it is very appealing to apply the
developed DCF to the RG theory, with all the elements sys-
tematically derived from FMSA.

In this work, we reformulate our RG transform for pure
fluids and mixtures within DFT. Inside the critical region, we
use DCF, instead of VDW’s original intermolecular potential,
to account for the nonextensive contribution. We apply the
FMSA outside the critical region, whose mixture version is
fully free from any mixing rules and other empirical assump-
tions. Our new model needs no other adjustable parameters
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except the original three microscopic parameters for pure fluids
(segment number m, segment diameter �, and segment disper-
sion energy �), which were regressed before outside the critical
region.29 In addition to real mixtures, we compare the RG
results with available molecular simulation data for binary
mixtures to illustrate its predictive ability.

A New RG Transform within DFT

The central theme in the critical region is the nonextensive
concept62 for physical properties, which is directly contrasted
to our classical extensive way to handle phase split; extensive
is here referring to a physical property in a small scope ex-
pandable to the whole space in a proportional manner, whereas
nonextensive means such an expansion invalid. Within the
context of DFT, nonextensive is identical to nonlocal, except
that the latter is introduced by an external force, whereas the
former is brought in with phase split or density fluctuation. To
address these concepts mathematically, the nonextensive or
nonlocal free energy with a density distribution of �(r) can be
expanded efficiently to second order as70

�F���r�� � � � f ���r1��dr1 � �F0��b� � ��0 � ���r1�dr1

�
1

2 � c0�r1 � r2����r1����r2�dr1dr2 (1)

where subscript 0 stands for the reference or the homogeneous
bulk fluid in this case, ��(r) � �(r) � �0, f [�(r)] is the free
energy density, �0 is the chemical potential, and c0(r) is the
DCF. The corresponding expansion for the extensive or local
free energy is

�F0���r�� � � � f0���r1��dr1 � �F0��b� � ��0 � ���r1�dr1

�
1

2 � c0�r1 � r2�	�r1 � r2����r1����r2�dr1dr2 (2)

where 	(r) is the Dirac function, which is responsible for
removing any fluctuation correlations. Focusing on the differ-
ence between the nonlocal and local free energy, as indicated
by subscript D, we obtain

�FD���r�� � �
1

2 � �c0�r1 � r2�

� c̃0�0�	�r1 � r2�����r1����r2�dr1dr2

� �
1

2

1

�2
�3 � �c̃0�k� � c̃0�0����̃2�k�dk (3)

where the tilde represents the three-dimensional Fourier trans-
form, in which

c̃0�k� ���� c0�r�e
�ikrdr �

4


k �
0

�

sin�kr�rc0�r�dr

an even function of k. Further applying the following expan-
sion

c̃0�k� � c̃0�0� � �4
C4k
2 � · · · (4)

and assuming that the density fluctuation can be represented by
wave packets as

���r� � �2 x cos�kc � r� (5)

or

��̃�k� � �2
�3�2 x
	�k � kc� � 	�k � kc�

2
(6)

we can explicitly obtain

�FD���r�� � �2
�4C4x
2kc

2	�0�� (7)

in which the nth moment of DCF is defined

Cn �
1

�n � 1�! �
0

�

c�r�rndr (8)

where x is the fluctuation amplitude and kc is the wave vector.
The corresponding difference between the two free energy
densities is thus given by

�fD���r�� � �2
�C4x
2k2 (9)

after realizing that within a macroscopic volume of V

	�0� � �
V

�2
�3 (10)

Although the above derivation undergoes some complex
mathematics, the result is quite simple and concise: it is pro-
portional to the square of both wave amplitude and frequency.
In the VDW theory, DCF is simply asserted as

c�r� � ���u(r) r � 1
0 r � 1 (11)

and Eq. 9 reduces fully to those used in previous RG trans-
forms. Therefore Eq. 9 can be viewed as a fundamental exten-
sion to the VDW theory.

With the availability of fD[�(r)], the remaining operations
can proceed in a fashion similar to that of White’s work,55,56

yielding

fn��� � fn�1��� � 	fn��� (12)
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with

f0��� � fref��� (13)

	fn��� � �
1

�Vn


 ln��0

�

dx exp{�Vn[�fn�1,D(�, x) � 2
C4,attx
2kn

2]}

�
0

�

dx exp{�Vn[�fn�1,D(�, x) � 2
C2,attx
2]} � (14)

and

fn�1,D��, x� �
fn�1�� � x� � fn�1�� � x�

2
� fn�1��� (15)

In Eq. 14 we have assumed that the wave-frequency contribu-
tion comes only from intermolecular attraction because attrac-
tion is the primary factor behind phase split. Strictly said, as
shown in Eq. 9, C4 should be used in the RG transform but the
repulsive part is rather small. Furthermore, C4,att of the FMSA
is close to that of the VDW theory at low densities but sub-
stantially deviates from the latter at high densities. Importantly,
the new formulation exclusively unifies classical EOS, RG
theory, and DFT in one framework.

For N-component chain mixtures, the fluctuation variables
will be molecular densities of all the components or �� �
{�1, . . . , �N}. The RG transform derived above is equally
applicable after substituting � with �� and

	fn��� � � �
1

�Vn

 Ln��0

�0

· · · �
0

�N

dt1· · · dtNexp{�Vn[�fn�1,D(��, t�) � 2
 ¥i ¥j C4,att,ijmimjtitjkij,n
2 ]}

�
0

�0

· · · �
0

�N

dt1· · · dtNexp{�Vn[�fn�1,D(��, t�) � 2
 ¥i ¥j C2,att,ijmimjtitj]} � (16)

where

fn�1,D��� , t�� �
fn�1��� � t�� � fn�1��� � t��

2
� fn�1��� � (17)

and mi is the chain length of component i.
In our calculation, fref(�) is the reference free energy density

of FMSA–SAFT,31 as detailed later on. The average volumes
of the phase-space cell Vn used in Eq. 16 are chosen to be a
function of wavelength Vn � (�n)3 with �n � 3n�1�1. The
initial wavelength �1 is assumed to be a constant of 2�ij for all
the chainlike fluids. In later transforms, the fluctuation magni-
tude in the density wave packets is increased by kn � k1/3n�1

with k1 � 2
/�1.

LJ chains as reference

For a chain mixture with compositions xi, number density �i,
segment number mi, and segment diameter �i for chain i (i �
1, . . . , n), we assume that two intermolecular segments interact
through the LJ potential

uij�r� � 4�ij��ij
12

r12 �
�ij

6

r6� (18)

In LJ mixtures, the unlike potential parameters are usually
represented by the like potential parameters as follows

�ij �
�ii � �jj

2
�ij � ��ii�jj (19)

The reduced Helmholtz free energy density can be expressed
as a summation of contributions from the ideal gas, spherical
segments, and chain bonding:

fref � f ideal � f seg � f chain (20)

The ideal gas contribution is given by

f ideal � � �
i�1

n

xiln��xi	i
3� � 1 (21)

where 	i is the de Broglie wavelength and � stands for the total
density.

The segment contribution is

f seg � mf ref0 (22)

where the superscript ref0 represents the LJ reference mixtures
and m is the average chain length with m � ¥i�1

n ximi. The
Helmholtz free energy density for the reference term has been
well developed30

f ref0 � f rep
ref � f 1

ref � f 2
ref (23)

with

f rep
ref � f 0

ref � 2
�2 �
i

�
j

xixjg0,ij�Rij�Rij
2�Rij � dij� (24)
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f 0
ref � ��




2
�1�2 � �2

3/�3
2�

�
�

�2
3

�3
2�2 �

�2
3

�3
2 ln �� � � ln � (25)

f1
ref � �2
�2� �

i

�
j

xixj�ijk1,ij	G0,ij(z1,ij)e
z1,ijRij �

1 � z1,ijRij

z1,ij
2 


� k2,ij	G0,ij(z2,ij)e
z2,ijRij �

1 � z2,ijRij

z2,ij
2 


� 8
�2� �
i

�
j

xixj�ijRij
3Iij,�

� 8
�2� �
i

�
j

xixj�ijg0,ij�Rij�Rij
3Iij,1 (26)

f2
ref � �
�2� �

i

�
j

xixj�ij
k1,ij�G1,ij�z1,ij�e
z1,ijRij�

� k2,ij�G2,ij�z2,ij�e
z2,ijRij�� � 4
�2� �

i

�
j

xixj�ijg1,ij�Rij�Rij
3Iij,1

(27)

and

Iij,� �
1

9 ��ij

Rij
� 12

�
1

3 ��ij

Rij
� 6

(28)

Iij,1 �
1

9 ��ij

Rij
� 12

�
1

3 ��ij

Rij
� 6

�
2

9 ��ij

Rij
� 3

(29)

�n � �
m

�mRm
n � � 1 �




6
�3 (30)

In Eqs. 24 and 26–30, k1,ij, k2,ij, z1,ij, and z2,ij are constants
related to the LJ potenial parameters; Rij is the Barker–Hend-
erson diameter73,74; g0,ij(Rij) and g1,ij(Rij) are the RDFs at con-
tact; and G0,ij(zij) and G1,ij(zij) are the Laplace transforms of
hard-sphere and first-order RDFs, respectively. Details about
these quantities are left in the appendix. Equation 25 is the
Helmholtz free energy density of hard-sphere mixtures given
by Mansoori et al.75

The chain-bonding term is given by

f chain � �� �
i�1

n

xi �
j�1

mi�1

ln g�i, j��i, j�1�
ref ���i, j�,�i, j�1�� (31)

Here the bonding site is assumed to be tangent at �(i,j),(i,j�1),
which may be relaxed, however, because of the availability of
the FMSA RDF. Because the RDF accuracy dramatically af-
fects the performance of chain-bonding free energy,76 it should
be calculated through the more accurate simplified exponential
approximation28

g�i, j�,�i, j�1����i, j�,�i, j�1�� � g0�i, j�,�i, j�1����i, j�,�i, j�1��


 exp�g1�i, j�,�i, j�1����i, j��i, j�1��� (32)

Critical-point calculations

The critical point calculation for a multicomponent mixture
was provided by Sadus.77 For a multicomponent mixture, the
critical point is obtained from two equations in the form of two
determinants

W � �
�2A

�V2

�2A

�V�n1

�2A

�V�n1

�2A

�n1
2
� (33)

with

�
�W

�V

�W

�n1

�2A

�n1�V

�2A

�n1
2
� � 0 (34)

Here A is the Helmholtz free energy, V is the molar volume, n1

� x1N, and N represents the total moles in the system. The

Figure 1. Vapor–liquid coexistence curves for methane,
ethane and n-butane.
(a) p vs. �; (b) T vs. �.
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critical point can be determined by computational techniques
for solving these two determinants simultaneously.

Results and Discussion

To test our new improved RG theory, we first use the new
RG EOS to predict the vapor–liquid equilibria of pure fluids.

Then, we predict the global phase behavior for binary chain
mixtures with our new EOS. We test our new EOS by molec-
ular simulation data to validate its predictive applicability, and
compare it with two other SAFT EOSs. The EOS is applied to
predict critical properties and the global VLE of n-alkane
mixtures. To describe the properties of chain fluid mixtures of
n-alkanes, the three microscopic parameters, that is, segment
number m, segment diameter �, and segment dispersion energy
�, for pure fluids are needed. Outside the critical region, Tang
et al.29 had regressed the three parameters for n-alkanes and
these parameters have been proven valid in our previous RG
transform,69 by which the satisfactory critical exponents and
vapor–liquid coexistence curves were obtained. To maintain
the consistence, we adopt the same set of microscopic param-
eters in the RG calculation here. Therefore, the calculation is
wholly predictive because no adjustable parameters and no
mixing rules are needed in this work. Note that this feature is
hardly expected for other EOSs.

Application for pure fluids

The results for methane, ethane, n-butane, n-nonane, and
n-decane are depicted in Figures 1 and 2. The experimental
data are from Smith and Srivastava.78 We can see that the EOS

Figure 2. Vapor–liquid coexistence curves for n-nonane
and n-decane.
(a) p vs. �; (b) T vs. �.

Figure 3. Reduced pressure vs. mole fraction for LJ mix-
ture with �22/�11 � 0.5, �22/�11 � 0.33, T* �
0.75.

Figure 4. Reduced pressure vs. reduced density for LJ
mixture with �22/�11 � 0.5, �22/�11 � 0.33, T* �
0.75.

Figure 5. Equilibrium ratios for LJ mixture with �22/
�11 � 0.5, �22/�11 � 0.33, T* � 0.75.
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yields satisfactory results for pure fluids. Most of the fluids
have average relative derivation of about 1–3% for saturated
pressure and saturated liquid density up to the critical point,
whereas the original FMSA–SAFT predicts the critical pres-
sure too high compared to the experimental data.

Test with molecular simulation

Theories provide a simple and flexible way for obtaining
phase-coexistence envelopes of mixtures in a short time. How-
ever, its predictive applicability has to be tested to find the
range of their applicability. When dealing with a specific
intermolecular potential, such as the LJ fluid, the only way to
test theories is to compare them with simulation data, which
can in principle represent exactly the behavior of a system. We
calculate VLE and compare our results with those of computer
simulation. Figures 3 and 4 give the relations of reduced
pressure vs. composition and vs. density, respectively, for the
LJ mixture with pair potential parameters �22/�11 � 0.5, �22/
�11 � 0.33 at a reduced temperature of T* (�kT/�11) � 0.75.
Figure 5 shows the corresponding equilibrium ratios defined by
Ki � yi/xi. In these three figures, the results from computer
simulation,3 LJ–SAFT, FMSA–SAFT, and our new EOS are
depicted simultaneously. For this mixture, unlike potential

parameters are by default determined with the Lorentz–Berthe-
lot approximation.79 The two components have very different
sizes and different potentials. It is evident that for this asym-
metric mixture, the three methods yield different results. Out-
side the critical region, one can see that for vapor branches the
LJ–SAFT performs nearly as well as the FMSA–SAFT and for
liquid branches the two theories show considerable differences.
The LJ–SAFT deviates systematically from computer simula-
tion data by overestimating liquid densities as well as compo-
sitions at high pressures, whereas the FMSA–SAFT performs
much better. As thoroughly discussed before,31 these LJ–SAFT
deficiencies come from its underlying mixing rule, which is not
required at all in our FMSA–SAFT. With a critical point far
away from simulation results and those deficiencies outside the
critical region, we feel that establishing a global EOS for
mixtures through LJ–SAFT � RG is very costly, if not impos-
sible, despite its recent implementation for pure fluids.68 The
original FMSA–SAFT, in spite of giving better critical values,
remains a mean-field type and overestimates the critical point
as well as the surrounding region. In contrast, our new EOS—
based on FMSA and RG theories, in consideration of the
inhomogeneity and the long-range density fluctuations of fluid
mixtures—is capable of predicting the critical point correctly
and the exaggerated critical loop is successfully suppressed.

Figure 6. Comparison of critical temperature calculation
results for C2H6(1)–n-C10H22(2) mixtures.

Figure 7. Comparison of critical pressure calculation re-
sults for C2H6(1)–n-C10H22(2) mixtures.

Figure 8. Vapor–liquid equilibria for CH4(1)–n-C4H10(2)
mixtures.

Figure 9. Equilibrium ratios for CH4(1)–n-C4H10(2) mix-
tures.
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This example strongly suggests that the FMSA � RG can
faithfully handle mixture global behavior and its applications to
real mixtures will be more comfortable.

Prediction of the critical properties

The ethane/n-decane binary system is given as an example
because it is an asymmetric system and the prediction of its
critical properties is more difficult than that of symmetric
systems. The predicted critical temperature and pressure lines
with both the SAFT EOS and the new EOS are shown in
Figures 6 and 7, respectively. The open points represent the
experimental data.80 From Figures 6 and 7, it is evident that the
LJ–SAFT overestimates both the critical temperatures and
pressures, whereas the FMSA–SAFT yields much smaller de-
viations compared with the experimental data than LJ–SAFT.
In both cases, the FMSA–SAFT � RG correction yields ex-
cellent critical lines.

Phase equilibria for binary mixtures with the new EOS

Figure 8 shows the prediction results of vapor–liquid equilibria
for a binary methane/n-butane mixture; Figure 9 shows the cor-
responding equilibrium ratio of the mixture. Three isotherms of

the binary system were plotted. The FMSA–SAFT yields accurate
results below the critical pressures. However, the deviation be-
tween the calculated and the experimental data increases closing
to the critical point. This deviation is caused by the overestimation
of the critical temperature and pressure of the pure n-alkanes by
the method. On the contrary, the new EOS can predict the correct
critical properties for each pure component of the binary system as
well as the whole VLE. As a comparison, we also show the results
from the PR EOS in Figure 10, which is widely accepted in the
simulation industry. It is evident that the cubic EOS yields rather
truncated envelopes in all three temperatures and this behavior
may hold for other cubic EOSs if without extra parameters. Figure
11, similar to Figure 8, yields prediction results for methane/n-
pentane binary mixtures, in which the experimental data for VLE
are from Knapp et al.80 Figure 12 yields the corresponding equi-
librium ratio of the system, whose agreement is as good as that in
Figure 9. Three isotherms of the binary system were plotted.
Compared with Jiang and Prausnitz,66 the average absolute devi-
ations of the calculation results are similar, whereas our EOS
needs no other adjustable and mixing parameters.

To further illustrate the new EOS, the highly asymmetric
binary mixtures are investigated. The VLE and the correspond-
ing equilibrium ratio for ethane/n-decane mixtures is predicted
and plotted in Figures 13 and 14, respectively. The VLEs for

Figure 10. A comparison between phase envelopes cal-
culated from the PR EOS and from this work
for C2H6(1)–n-C10H22(2) mixtures.

Figure 11. Vapor–liquid equilibria for CH4(1)–n-C5H12(2)
mixtures.

Figure 12. Equilibrium ratios for CH4(1)–n-C5H12(2) mix-
tures.

Figure 13. Vapor–liquid equilibria for C2H6(1)–n-C10H22(2)
mixtures.
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methane/n-nonane and n-butane/n-decane are depicted in Fig-
ures 15 and 16, respectively. The results are in good agreement
with experimental data,80 whereas the original FMSA–SAFT is
unable to predict the correct thermodynamic properties inside
the critical region.

Conclusions

In this work, the RG theory is integrated with DFT to
describe the nonextensive free energy in the critical region of
both pure chains and chain mixtures. The new RG theory is
consistent both inside and outside the critical region. Outside
the critical region, where density fluctuations are small, the
much improved and explicit analytical RDF of FMSA provides
an accurate description of fluid structure for establishing the
SAFT EOS. Inside the critical region, density fluctuations are
long ranged and the FMSA DCF is essential to account for their
macroscopic contribution. Comparisons with molecular simu-
lation data have confirmed the high fidelity of the developed
EOS. Uniquely, traditional mixing rules are no longer required.
These features are certainly beneficial in prediction of real fluid
mixtures.

The predictive capability of the newly proposed EOS for
global vapor–liquid phase equilibria of chain fluid mixtures is
addressed. The present work shows that the combination of RG

theory with the FMSA–SAFT is a good approach for develop-
ing a new EOS capable of predicting fluid mixture properties
both inside and outside the critical region. The calculated
results demonstrate that the EOS thus obtained can give satis-
factory results even for highly asymmetric mixtures, thus
clearly illustrating the power of the improved RG theory inside
the critical region as well as the power of the FMSA–SAFT
outside the critical region.

As a result, the combination of the two theories provides a
powerful tool for predicting thermodynamic properties of prac-
tically systems of interest in the whole region. Although this
work has shown the prediction capability of the VLE for binary
mixtures of n-alkanes, we can with confidence predict global
VLE for systems containing more than two components, which
is often met in the chemical industry. The present difficulty is
the multidimensional integration in the RG theory. Further
investigation about this integral is needed in the future.
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Appendix

The functions and quantities in Eq. 16 are correspondingly
extended to mixtures as follows72:

catt,ij�r� � c1,ij�T*1, z1,ijRij, rij/Rij� � c1,ij�T*2, z2,ijRij, rij/Rij� (A1)

T*1 � T*Rij/k1,ij T*2 � T*Rij/k2,ij

z1,ij � 2.9637/�ij z2,ij � 14.01677/�ij (A2)

k1,ij � 2.1714�ije
z1,ij��ij�Rij� k2,ij � 2.1714�ije

z2,ij��ij�Rij� (A3)

rij/Rijc1,ij�T*, zij, rij/Rij� � �
e�zij�rij�Rij�

T*
rij � Rij

e�zij�rij�Rij�

T*
�

1

(1 � �)4zij
6Q2( zij)T*

{S2( zij)e�zij�rij�Rij� � 144�2L2( zij)ezij�rij�Rij�

� 12�2[(1 � 2�)2zij
4 � (1 � �)(1 � 2�) zij

5]rij
4/Rij

4 � 12�[S( zij) L( zij) zij
2

� (1 � �)2(1 � �/ 2) zij
6]rij

2/Rij
2 � 24�[(1 � 2�)2zij

4 � (1 � �)(1 � 2�) zij
5]rij/Rij

� 24�S( zij) L( zij)} rij � Rij

(A4)

Q�t� �
S�t� � 12�L�t�e�t

�1 � ��2t3 (A5)

S�t� � �1 � ��2t3 � 6��1 � ��t2 � 18�2t � 12��1 � 2��

(A6)

L�t� � �1 � �/ 2�t � 1 � 2� � �



6 �
m

�mRm
3 (A7)

The functions and quantities in Eqs. 24 and 26–30 are defined
as follows:

Rijg0,ij�Rij� �
Rij

�
�


�2RiRj

4�2 (A8)

Rijg1,ij�Rij� �
1

2
��i�j
�

l

�
k

�K1,lkBil� z1,lk� Bjk� z1,lk�

� K2,lkBil� z2,lk� Bjk� z2,lk�� (A9)
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with

K1,ij � 2
��i�j ��ijk1,ij K2,ij � 2
��i�j ��ijk2,ij

(A18)

and the Kronecker delta

	ij � �1 i � j
0 i � j (A19)

� � 1/kT, where k is Boltzmann’s constant and T is the
absolute temperature.

Rij �
Rii � Rjj

2
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j
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i

�
j

xixjdij

(A20)

with

dij � �ij

1 � 0.2977T*

1 � 0.33163T* � 0.00104774T*2 T* � kT/�ij

(A21)
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